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Abstract The crystallographic texture of an asymmetri-

cally rolled sheet was investigated by electron back

scattered diffraction (EBSD) and exhibited prismatic

monoclinic symmetry. The parameters of the associated

yield equation, derived from the quadratic orthotropic Hill

criterion, were determined from the volume fractions of the

texture components using the ‘‘Continuum Mechanics of

Textured Polycrystals’’ (CMTP) approach. Two quantities

are defined to assess the departure from orthotropy, and a

method is proposed to find the ‘‘best’’ orthotropic estima-

tion of the sheet behaviour. Results are first discussed on

the basis of strain rate ratio predictions. Mechanical

behaviour analysis of a sheet submitted to combined shear

and compression (CSC) loading is also used to illustrate the

method.

List of symbols

RD, TD, ND Rolling, transverse and normal

directions of the sheet

F, G, H,

L, M, N

Anisotropy parameters of the Hill

orthotropic yield function

F0, G0, H0,
L0, M0, N0

Anisotropy parameters of the Hill

orthotropic yield function after a rotation

about TD

P, q, r, t Additional anisotropy parameters

associated with monoclinic symmetry

p0, q0, r0, t0 Additional anisotropy parameters

associated with monoclinic symmetry after

a rotation about TD

M Fourth order tensor associated with a

quadratic yield function

M0 Orthotropic part of M

Mpm Prismatic monoclinic part of M

R(h) Strain rate ratio at an angle in the sheet

plane

x, y, z Space coordinates of sheet

x0, y0, z0 Space coordinates of sheet in the rotated

axes about TD

_eij Strain rate tensor components

h Angle between a direction in the sheet

plane and the rolling direction RD

s Shear stress in the CSC test

rij Stress tensor components

r0 Equivalent flow stress

r = r33 Normal compression stress in the CSC test

u1, U, u2 Euler angles

w Angle of rotation of the sheet about TD

w0 Value of w which minimizes ||Mpm||

Introduction

It is a well-known fact that the drawability properties

of metal sheet (e.g. occurrence of deep drawing ears, or

roping) strongly depend on anisotropy induced by rolling.
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This is especially true for aluminium alloys and ferritic

steels, which exhibit strong crystallographic textures after

hot rolling [1], for two reasons: (i) continuous recrystalli-

zation occurs during hot working, which precludes ran-

domization of grain orientations, and (ii) no phase

transformation occurs upon cooling. Furthermore, such

textures cannot be entirely eliminated or even modified by

subsequent cold rolling and/or heat treatments.

There is a vast body of literature concerning the

anisotropy/yield surface calculations and also texture gra-

dients resulting from rolling. For instance, in classical

(symmetric) rolling, the overall rolled sheet exhibit ortho-

tropic symmetry, although more or less intense shear

components of opposite sign may be present close to the

rolls [2, 3]. However, the strain rate accompanying rolling

deformation is commonly simplified by a plane strain state

[4]. Conversely, in asymmetric rolling, where, for instance,

the rotation velocities of the cylinders are different [5, 6],

the strain rate in the roll gap is rather asymmetrical.

Afterwards, the assumption of orthotropic sample sym-

metry becomes not justified specially in the case of pro-

nounced shear deformation [2]. In this context, Hill [7]

assumed conservation of orthotropic symmetry in the study

of length change of tube during twisting but this assump-

tion has not been substantiated experimentally. Most of the

previous experiments (Bailey et al. [8]; Michino et al. [9];

Stout et al. [10]; Eisenberg et al. [11]; Helling et al. [12])

have been designated to study yield loci in stress spaces

without reference to possible orthotropic symmetry and

evolution of anisotropy under a plane stress condition for

cold-rolled steel sheets. An experimental study conducted

by Kim [13] showed that orthotropic symmetry is main-

tained during twisting of cold drawn tubes and the orien-

tations or orthotropy axes are altered. Darrieulat et al. [14]

in earlier work, related to torsion testing (a simple shear

deformation), claimed that the Hill yield criterion can be

extended to the case of prismatic monoclinic symmetry.

According to these earlier quoted assumptions, a potential

strong departure from orthotropy is expected and the

mechanical behaviour of the sheet is likely to become

(prismatic) monoclinic [15, 16]. In that case, the transverse

axis TD is a K2 rotation axis (RD, ND) a mirror symmetry

plane, but (TD, ND) and (RD, TD) are no longer symmetry

planes.

The aim for the present investigative work relates

mainly to estimate the effect of the monoclinic parts on the

global orthotropic behaviour of a rolled metal sheet in a

given symmetry plan. For this purpose, the texture of an

asymmetrically rolled metal sheet is characterized in

‘‘Texture characterization of the asymmetrically rolled

sheet’’ section. The induced anisotropic behaviour will then

be determined using the CMTP approach described in

‘‘Monoclinic yield criterion’’ section for the case of

monoclinic symmetry. The orthotropic properties of the

sheet are then described in ‘‘Orthotropic properties of the

sheet’’ section and the departure from orthotropy is asses-

sed in ‘‘Illustration and quantitative assessment of the

non-orthotropic sheet behaviour’’ section. Accordingly, it

becomes necessary to define and to estimate the magnitude

of a ‘‘purely monoclinic’’ anisotropy component. Finally,

in ‘‘Discussion: orthotropic estimation of the material

behaviour’’ section, an analysis of the extent to which such

sheet can be considered as orthotropic to a first approxi-

mation is carried out, and a way to determine the ‘‘best’’

orthotropic estimation of its mechanical behaviour is

proposed.

Texture characterization of the asymmetrically

rolled sheet

The hot rolled sheet was high purity iron containing

60 ppm C, with a thickness close to 2 mm prior to defor-

mation. In standard rolling, the strain path is essentially

plane strain compression plus some shears out mid-plane,

leading to more or less locally orthotropic textures.

Asymmetric rolling is thus used to intensify the departure

from orthotropy of the sheet induced by the intense shear.

More specifically, the material was annealed for 45 min at

400 �C and then asymmetrically rolled at room tempera-

ture The two cylinders had equal diameters R = 100 mm,

but quite a large rotation velocity ratio of 15. In order to

enforce shears, eight passes (thickness reduction of 20%

per pass) were carried out resulting in a final sheet thick-

ness of *0.5 mm.

The plate was cut by spark machining into square

specimens of area 10 mm2. Finally, the asymmetrically

rolled plate was subjected to a recrystallization annealing

under vacuum at 450 �C for 45 min. To facilitate removing

of surface oxides and to avoid surface damage and cutting

strain, the sample underwent an electrolytic polishing in a

solution containing 950-mL acetic acid and 60-mL per-

chloric acid at 15 �C under a voltage of 20 V during 10 s.

For microstructure characterizations, that show grain

orientation, shape and size, the sample was observed on a

plane normal to the transverse direction TD of the sheet.

Surface preparation consisted of mechanical grinding by

means of P2500 grit-mesh and polishing down to a final

step of 1 lm using colloidal silica in suspension. Etching

solution was DINO type comprising 140 mL H2O, 100 mL

H2O2, 4 g H2C2O4, 1.5 mL HF and 2 mL H2SO4.

Sample microstructure examinations were carried out by

optical microscopy (GX.51 Olympus). Figure 1 shows a

cross-section optical micrograph of the cold-rolled material

after annealing. The microstructure is very inhomogeneous

within which some areas appear fully recrystallized, while

1656 J Mater Sci (2011) 46:1655–1667

123



others exhibit large shear bands. Texture measurements

were achieved using a JSM-6500 F scanning electron

microscope equipped with electron back scattered diffrac-

tion (EBSD) system. The accelerating voltage was 20 kV.

Pole figures accounting for the whole sheet thickness were

calculated using Channel 5 Software (HKL Technology)

without any sample symmetry assumptions (triclinic sym-

metry). As expected, the pole figures display reasonably

monoclinic symmetry (symmetry plane normal to TD), as

shown in Fig. 2. Among all texture components, both ori-

entations ð323Þ½�1�33� and ½013Þ½�23�1� appear to dominate.

Such orientations are not located along the so-called c fibre

({111}\ND) contrarily to conventional rolling of bcc

materials [17–19].

From EBSD data and grain reconstruction, an average

orientation was computed using Channel 5 for each grain.

A surface fraction, proportional to pixel number, was

affected to each reconstructed grain and was identified as

usual to the volume fraction. This discrete description of

texture was analysed by means of the Van Houtte software

(Fast Harmonic Method) [20], representing each orienta-

tion by a Gaussian distribution (in orientation space) for

spherical harmonics decomposition (assuming monoclinic

symmetry). This continuous description allowed redrawing

smooth and monoclinic pole figures as shown in Fig. 3.

The discrete description of texture was also analysed in

terms of volume fractions of texture components. For the

purpose, a limited number of ideal components (listed in

Table 1) were considered. Each measured orientation was

affected to the ‘‘closest’’ component, in the sense of the

minimum misorientations angle. Furthermore, an isotropic

(random) component was taken into account [21]. In order

to check quantitatively monoclinic symmetry, i.e. sym-

metry with respect to the (RD, ND) plane, all used orien-

tations and their corresponding Euler angles are listed in

Table 1. Such simple, yet quantitative, representation of

the data may be compared directly to theoretical predic-

tions and the strain rate ratio R(h) can be calculated [22].

Monoclinic yield criterion

The method referred to as Continuum Mechanics of

Textured Polycrystals (CMTP) [23–27] allows describing,

in a simple way, the anisotropy of textured materials in

which one or several ideal orientations are easily identifi-

able. Reformulated by Darrieulat et al. and extended to the

case of prismatic monoclinic symmetry [14, 28], it is based

on the quadratic yield equation early proposed by Hill

[7, 29]. However, it takes explicitly into account crystal-

lographic texture, which is the primary source of anisot-

ropy. The determination of volume fractions of the various

texture components of a rolled sheet exhibiting monoclinic

symmetry allows deriving the parameters of the yield

equation. Data pertaining to the investigated sheet are

reported in Table 1 and will be used in the following. Since

several texture components are involved, a homogenization

Fig. 1 Cross-section micrograph of asymmetrically rolled and

recrystallized as-received sheet

Fig. 2 Pole figures obtained from EBSD measurements on the (RD,

ND) plane of the sheet, represented here on the sheet plane: a {111}

and b {110}
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procedure was carried out using volume fraction weighted

averages [14, 28].

For the sake of simplicity, the monoclinic prismatic

tensor M will be introduced under the assumptions of

uniform stress throughout the material (see details in

Appendix 1). Material layers located at various depths in

sheet deformed by asymmetric rolling undergo different

deformation paths: in particular, surfaces (skins) in contact

with rolls are submitted to a simple shear strain rate

component, which induces prismatic monoclinic symme-

try. Darrieulat and Montheillet [14] have proposed for

describing such material anisotropy a homogeneous qua-

dratic polynomial yield equation, insensitive to Bauschin-

ger effect and to hydrostatic pressure (incompressible

material) involving nine independent parameters. In the

RD, TD and ND sheet axes, it can be written in the form:

Fðr22 � r33Þ2 þ Gðr33 � r11Þ2 þ Hðr11 � r22Þ2

þ 2Nr2
12 þ 2Mr2

13 þ 2Lr2
23 þ 4pr12r23

þ 4r13ðqr11 þ rr22 þ tr33Þ ¼ 2r2
0: ð1Þ

In which p, q, r and t are monoclinic parameters such as

q ? r ? t = 0 (insensitivity to hydrostatic pressure).

Whenever p = q = r = t = 0, Eq. 1 reduces to the Hill

orthotropic yield equation.

If r0
1, r0

2 and r0
3 are the yield stresses in uniaxial tension

along the axes RD, TD and ND, respectively, then:

Gþ H ¼ 2 r0

�
r1

0

� �2
F þ H ¼ 2 r0

�
r2

0

� �2

F þ G ¼ 2 r0

�
r3

� �2
:

ð2Þ

In the same way, if r0
23, r0

13 and r0
12 are the simple shear

stresses along the anisotropy axes:

L ¼ r0=r
23
0

� �2
M ¼ r0=r

13
0

� �2
N ¼ r0

�
r12

0

� �2
: ð3Þ

In this section, the yield function (1) will be used in the

tensorial form:

f rij

� �
¼ r : M : r ¼ Mijklrijrkl; ð4Þ

where the summation is extended over the four indices: i, j,

k, l = 1, 2, 3.

M is a fourth-order tensor exhibiting the same symme-

tries as the Hooke tensor, i.e. for any values of the indices i,

j, k, l:

Mijkl ¼ Mklji ¼ Mjikl ¼ Mijlk: ð5Þ

Equation 4 can be written more simply in matrix form as

follows:

Fig. 3 Reconstructed pole figures after discretization accounting

for monoclinic symmetry: a {111} and b {110}

Table 1 Volume fractions of the texture components derived from

ODF calculations; (1) as measured; (2) corrected for isotropic

component

Texture

components

Euler angles Monoclinic (vol.%)

u1 U u2 (1) (2)

ð323Þ½�1�33� 64 55 60 20.24 18.2

ð32�3Þ½�1�3�3� -64 125 60 10.90 10.90

ð013Þ½�23�1� 220 20 20 9.90 7.88

ð01�3Þ½�231� 140 160 20 5.02 5.00

ð115Þ½�5�52� 90 15 45 0.50 -0.57

ð11�5Þ½552� 90 165 45 3.70 2.70

ð331Þ½3�1�6� 290 77 45 2.54 3.80 0.72 0.190

ð33�1Þ½3�16� 70 102 45 1.26 -0.53

ð331Þ½�316� 110 77 45 2.08 2.46 1.720 1.817

ð33�1Þ½�31�6� -110 102 45 0.38 0.097

ð554Þ½�2�25� 90 60 45 3.18 2.23

ð55�4Þ½225� 90 120 45 2.36 1.33

ð113Þ½3�10� 0 45 20 3.70 4.56 2.090 1.452

ð133Þ½�310� 180 45 20 0.86 -0.638

ð13�3Þ½�310� 180 135 20 1.32 2.56 0.47 0.970

ð13�3Þ½3�10� 0 135 20 1.24 0.50

Random (vol.%) 30.82 47.90
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f rij

� �
¼

T r11

r22

r33ffiffiffi
2
p

r23ffiffiffi
2
p

r13ffiffiffi
2
p

r12

2

666666664

3

777777775

GþH �H �G 0
ffiffiffi
2
p

q 0

�H FþH �F 0
ffiffiffi
2
p

r 0

�G �F FþG 0
ffiffiffi
2
p

t 0

0 0 0 L 0 p
ffiffiffi
2
p

q
ffiffiffi
2
p

r
ffiffiffi
2
p

t 0 M 0

0 0 0 p 0 N

2

666666664

3

777777775

�

r11

r22

r33ffiffiffi
2
p

r23ffiffiffi
2
p

r13ffiffiffi
2
p

r12

2

666666664

3

777777775

; ð6Þ

where the superscript T denotes the transposed vector.

In any coordinate system, the tensor M can be split into

the sum of two tensors as illustrated schematically in

Fig. 4:

M ¼ M0 þMpm ð7Þ

where M0 can be considered as the projection of M onto the

vectorial subspace of tensors associated with an orthotropic

behaviour in the considered set of axes.

In matrix representation:

M0 ¼

Gþ H �H �G 0 0 0

�H F þ H �F 0 0 0

�G �F F þ G 0 0 0

0 0 0 L 0 0

0 0 0 0 M 0

0 0 0 0 0 N

2

6666664

3

7777775

ð8Þ

Mpm is in turn associated with ‘‘purely monoclinic’’

behaviour:

Mpm ¼

0 0 0 0
ffiffiffi
2
p

q 0

0 0 0 0
ffiffiffi
2
p

r 0

0 0 0 0
ffiffiffi
2
p

t 0

0 0 0 0 0 pffiffiffi
2
p

q
ffiffiffi
2
p

r
ffiffiffi
2
p

t 0 0 0

0 0 0 p 0 0

2

6666664

3

7777775

ð9Þ

The above parameters have been quantitatively introduced

into the macroscopic formulation of the CMTP approach.

For that purpose, a numerical parametric investigation was

performed, leading to the derivation of the parameters for

the individual components and the overall sheet (Table 2).

Orthotropic properties of the sheet

It is interesting to note that whenever r23 = r13 = 0, Eq. 1

reduces to the classical Hill orthotropic yield criterion. This

means practically that any mechanical test involving

stresses confined in the sheet plane is unable to reveal a

departure from orthotropic behaviour. For instance, the

usual strain rate ratio R(h) can be predicted from the F, G,

H, L, M and N orthotropy parameters (measured from

mechanical tests or derived from the texture components),

without using the complete yield equation (1). Figure 5a

shows R(h) for the investigated sheet obtained from data

reported in Table 2 and Fig. 5b illustrates the influence of

each individual texture component on R for h = 0.

Fig. 4 Schematic illustration of the departure from orthotropic

behaviour measured by kMpmk

Table 2 Anisotropy parameters for the individual texture components and the overall sheet in the coordinate system (RD, TD and ND)

ð323Þ½�1�33� ð013Þ½�23�1� ð115Þ½�5�52� ð331Þ½3�1�6� ð554Þ½�2�25� ð113Þ½3�10� Overall sheet

F 0.1378 0.3029 0.3114 0.0943 0.1094 0.0651 0.2528

G 0.1551 0.2573 0.2725 0.2481 0.1705 0.2773 0.2615

H 0.1873 0.1138 0.0597 0.2124 0.2617 0.2829 0.2505

L 0.8000 0.4697 0.4527 0.8869 0.8567 0.9453 0.8531

M 0.7653 0.5609 0.5306 0.5794 0.7346 0.5209 0.8356

N 0.7010 0.8480 0.9562 0.6508 0.5522 0.5097 0.8576

p -0.3037 0.1370 -0.3095 0.0378 0.5065 -0.1949 -0.0691

q 0.0516 0.1210 -0.0851 -0.0848 -0.2279 0.1455 0.0372

r 0.1073 0.0484 -0.1094 0.0133 0.1790 -0.0689 -0.0244

t 0.0557 -0.1695 0.1945 0.0714 0.0488 -0.0765 -0.0128
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Illustration and quantitative assessment

of the non-orthotropic sheet behaviour

As shown in the previous section, conventional mechanical

tests (e.g. tensile test or strain rate ratio measurements) are

not appropriate to characterize the mechanical behaviour of

sheet exhibiting prismatic monoclinic symmetry, such as

imposed by the boundary conditions of the asymmetric

rolling process. As a consequence, the departure from

orthotropy cannot be easily assessed. For this purpose, a

simple test of combined shear and compression (CSC) can

be proposed, in which the prescribed stress state is quite

similar to the case of asymmetric rolling. The normal

compression stress rzz = r and shear stress rxz = s are

imposed along the specimen axes x, y and z as shown in

Fig. 6. The expression of the stress tensor in the sample

reference frame (S) is:

rS ¼
0 0 s
0 0 0

s 0 r

2

4

3

5: ð10Þ

Using the rotation matrix P from the specimen (S) to the

sheet (R) axes leads to the expression of the stress tensor in

the latter reference frame:

rR ¼ PrSPT: ð11Þ

Using the boundary conditions prescribed in the combined

shear-compression test, the quadratic yield function (1)

leads to a second degree polynomial equation; the unique

positive root is (Appendix 2):

The monoclinic behaviour of the sheet can be estimated by

the difference in shear stress s along the two opposite

directions h and h ? p:

sðhþ pÞ � sðhÞ ¼ 2tr cos h

L sin2 hþM cos2 h
: ð13Þ

In particular, for h = 0 (rolling direction):

Ds ¼ sðpÞ � 2tr=M: ð14Þ

From which the parameter t could be in principle

measured.

Figure 7a shows the normalized shear stress s(h)/s(h)

dependence on the angle h between the shear direction

and the rolling direction for a compression stress r = r0.

In Fig. 7b, the dependence of s(h)/s(h) on the compres-

sion stress r/r0 is illustrated for various angles h ranging

from 0� to 315�. Finally, the components of the associate

strain rate tensor are given in Fig. 8. Anisotropy

parameters listed in Table 2 were used for these three

diagrams. It can be seen that for a given value of r, the

maximum value of the shear stress s is attained along the

rolling direction (h = 0�). Table 3 shows the contribution

of each monoclinic texture component. It appears that the

component ð115Þ½�5�52� has a strong monoclinic effect

despite its small volume fraction in the material. How-

ever, it is very asymmetric with respect to the transverse

axis (TD).

In a more general way, the departure from orthotropy

can be estimated by the norm of tensor Mpm defined by

Eq. 9:

Fig. 5 The strain rate ratio

R(0)in the sheet plane showing

the angular dependence in a and

volume fractions dependence of

the various texture components

in b

Fig. 6 Geometry of the combined shear and compression test (CSC)

s ¼
�2tr cos hþ 4t2r2 cos2 h� ½2L sin2 hþ 2M cos2 h�½ðF þ GÞr2 � 2r2

0�
� �1=2

2L sin2 hþ 2M cos2 h
: ð12Þ
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M0pm

�� �� ¼ 2p2 þ 4ðq2 þ r2 þ t2Þ
� �1=2

: ð15Þ

Or by the angle a between M0 and M, as shown sche-

matically in Fig. 4, with:

Table 3 illustrates the departure from orthotropy for the

various individual texture components, as well as for the

overall texture of the sheet, estimated through Ds, kMpmk
and a. In the second column of the table, d denotes the

fraction of monoclinic contribution associated with each

non-orthotropic texture component, while the product dDs
in column 4 estimates the effective contribution of the

component. It appears that the ð115Þ ½�5�52� component has a

strong effect on the overall anisotropy, despite its low

volume fraction in the material. It is worth to note, how-

ever, that the overall (a & 4.22�) remains weak, although

the intense shear prescribed during asymmetric rolling was

likely to promote monoclinic symmetry.

Discussion: orthotropic estimation of the material

behaviour

In a coordinate system (RD0, TD, ND0) rotated about the

symmetry axis TD by an angle w, the yield equation (1) takes

a new form, still corresponding to monoclinic symmetry.

In each of these reference frames, the departure from or-

thotropy can be measured by the norm kMpm

0 k. It is quite

natural to look for the angle w corresponding to the minimum

value of kMpmk, thus providing the ‘‘best’’ orthotropic esti-

mation of the sheet behaviour. For that purpose, it is first

necessary to use a set of independent variables, i.e. the

deviatoric stress components s11, s22, s23, s13 and s12.

The monoclinic plasticity criterion (1) then takes the form:

ðF þ 4Gþ HÞs2
11 þ ð4F þ Gþ HÞs2

22

þ ð4F þ 4G� 2HÞs11s22 þ 2Ls2
23 þ 2Ms2

13 þ 2Ns2
12

þ 4ps12s23 þ 4s13½ð2qþ rÞs11 þ ðqþ 2rÞs22Þ� ¼ 2r2
0:

ð17Þ

Fig. 7 The normalized shear

stress in the CSC test showing

the angular dependence for a

normal compression stress with

r = r0 in a and the normalized

compression stress r33/r0

dependence for various

orientations in the sheet

plane in b

Fig. 8 Angular dependence of the strain rate components where h is

the angle between the shear direction of the CSC test and the rolling

direction

Table 3 Assessment of the departure from orthotropic behaviour in

the coordinate system (RD, TD and ND)

Orientations d kDsk d�kDsk kMpmk ||M0|| a (�)

ð323Þ½�1�33� 7.30 0.145 1.058 0.503 1.477 18.80

ð013Þ½�23�1� 2.88 0.604 1.740 0.469 1.490 17.48

ð115Þ½�5�52� 3.27 0.733 2.400 0.648 1.529 22.96

ð331Þ½3�1�6� 1.62 0.246 0.400 0.229 1.483 08.80

ð554Þ½�2�25� 0.90 0.133 0.120 0.926 1.483 32.00

ð113Þ½3�10� 0.48 0.294 0.141 0.450 1.516 16.55

Overall sheet – 0.0307 – 0.1348 1.825 4.22

tan a ¼
Mpm

�� ��

M0
¼ 2p2 þ 4ðq2 þ r2 þ t2Þ
ðGþ HÞ2 þ ðF þ HÞ2 þ ðGþ FÞ2 þ 2F2 þ 2G2 þ 2H2 þ L2 þM2 þ N2

 !1=2

: ð16Þ
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In which only nine independent parameters F, G, H, L, M,

N, p, q, and r are involved since q ? r ? t = 0. Using the

rotation matrix, the stress components sij are expressed in

terms of their counterparts sij
0 in the rotated frame and

substituted into Eq. 17. This gives a new polynomial in the

variables sij
0, which must be identified with the canonical

form:

ðF0 þ 4G0 þ H0Þs2
11 þ ð4F0 þ G0 þ H0Þs2

22 þ ð4F0 þ 4G0

� 2H0Þs11s22 þ 2L0s2
23 þ 2M0s2

13 þ 2N 0s2
12 þ 4p0s12s23

þ 4s13 ð2q0 þ r0Þs11 þ ðq0 þ 2r0Þs22½ �
¼ 2r2

0

ð170Þ

This leads to a system of nine linear equations for the nine

unknowns F0, G0, H0, L0, M0, N0, p0, q0 and r0:

F0 ¼ 1

2
F þ Hð Þ þ 1

2
F � Hð Þ cos 2wþ r sin 2w

G0 ¼ 1

8
4G� F � H þ 2Mð Þ

þ 1

8
4Gþ F þ H � 2Mð Þ cos 4wþ 1

2
q� tð Þ sin 4w

H0 ¼ 1

2
F þ Hð Þ � 1

2
F � Hð Þ cos 2w� r sin 2w

L0 ¼ 1

2
Lþ Nð Þ þ 1

2
L� Nð Þ cos 2w� p sin 2w

M0 ¼ 1

4
4Gþ F þ H þ 2Mð Þ

� 1

4
4Gþ F þ H � 2Mð Þ cos 4w� q� tð Þ sin 4w

ð18Þ

N 0 ¼ 1

2
Lþ Nð Þ � 1

2
L� Nð Þ cos 2wþ p sin 2w

p0 ¼ 1

2
L� Nð Þ sin 2wþ p cos 2w

q0 ¼ � 1

8
4Gþ F þ H � 2Mð Þ sin 4wþ 1

4
F � Hð Þ sin 2w

þ 1

2
q� tð Þ cos 4wþ 1

2
qþ tð Þ cos 2w

r0 ¼ 1

2
H � Fð Þ sin 2wþ r cos 2w

The dependence of the norm kMpm

0 k on angle w is depicted in

Fig. 9 for the various individual texture components and the

overall texture of the sheet, respectively. For the latter, the

minimum is obtained for w & 35�. This angle defines a

reference frame in which the mechanical behaviour of the

sheet is the closest to an orthotropic behaviour. While in

the original sheet axis kMpm

0 k& 0.13, it drops to &0.11 in

the rotated frame. The corresponding anisotropy coefficients

are listed in Table 4, and the parameters used for estimating

the departure from orthotropy are given in Table 5.

In the new reference frame rotated by the angle w = 35�
about the transverse direction (Fig. 10), the departure from

orthotropy is still significant, but clearly much less than in

the initial sheet plane. In Fig. 11, the departure from

orthotropic behaviour in the sheet plane is measured by

|Ds(h)| associated with a CSC test, as defined in Eq. 14

above. The equivalent parameter |Ds0(h)| in the rotated

plane is also plotted in the figure, which shows that the

material behaviour is much closer to orthotropy in the new

reference axes.

The orthotropy parameters of the ‘‘best’’ orthotropic

estimation of the sheet behaviour can be used for deriving a

new orthotropic strain rate ratio R(h). Figure 12 shows that

the latter slightly differs from the original R(h) function. This

means that the ‘‘best’’ orthotropic estimation of the overall

sheet behaviour may not be the best orthotropic estimation of

a given specific property, like the strain rate ratio which

remains orthotropic in nature in any reference system.

In addition, it is interesting to note that if the minimum

value of kMpmk is zero, it means that the sheet monoclinic

symmetry is only apparent, whereas its effective symmetry is

orthotropic. The necessary condition for an apparently

monoclinic sheet to be orthotropic in some reference frame

rotated by an angle w with respect to the initial axes is

kMpm

0 k = 0 which is tantamount to p0 = q0 = r0 = 0. This

leads to two conditions relating the initial monoclinic

parameters and to the derivation of the angle w (Appendix 3).

Fig. 9 Angular dependence

of the norm kMpm

0 k used to

measure the departure from

orthotropy of the prismatic

monoclinic equation (w is the

rotation angle about the

transverse direction TD) for

various texture components in

a and for the overall sheet

texture in b
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Conclusions

The mechanical behaviour of an asymmetrically rolled

sheet was investigated using a monoclinic yield equation

derived from the quadratic Hill orthotropic yield criterion.

The associated anisotropy parameters were determined

from the volume fractions of the various texture compo-

nents using the CMTP method. The main results are the

following:

Table 4 Anisotropy parameters for the individual texture components and the overall sheet in a coordinate system (RD0, TD and ND0) rotated

about the symmetry axis TD by an angle w

ð323Þ½�1�33� ð013Þ½�23�1� ð115Þ½�5�52� ð331Þ½3�1�6� ð554Þ½�2�25� ð113Þ½3�10� Overall sheet

F0 0.0532 0.2862 0.1257 0.1458 -0.0087 0.0720 0.2290

G0 0.2829 0.2791 0.0943 0.1669 0.3513 0.2570 0.3045

H0 0.2719 0.1305 0.2453 0.1610 0.3799 0.2760 0.2742

L0 1.0528 0.4654 0.9092 0.7736 1.2326 0.9852 0.9196

M0 0.5097 0.5173 0.8870 0.7418 0.3730 0.5616 0.7496

N0 0.4481 0.8523 0.4997 0.7641 0.1764 0.4698 0.7912

p0 -0.0573 -0.1308 -0.3424 0.1238 -0.0302 0.1379 -0.0257

q0 0.0320 -0.0123 0.2711 -0.0369 -0.1492 -0.2601 -0.0036

r0 -0.0367 0.0165 -0.0374 0.0045 -0.0612 -0.0235 -0.0083

t0 -0.0650 0.2623 0.1211 -0.1340 -0.0040 -0.0232 0.0151

Table 5 Assessment of the departure from orthotropic behaviour in

the reference axes rotated by w = 35�

Orientations d kDs0k d � kDs0k kMpm
0k kM0

0k a0 (�)

ð323Þ½�1�33� 7.30 0.046 0.335 0.484 1.474 18.18

ð013Þ½�23�1� 2.88 0.208 0.600 0.333 1.454 12.90

ð115Þ½�5�52� 3.27 0.286 0.935 0.383 1.479 22.56

ð331Þ½3�1�6� 1.62 0.172 0.278 0.117 1.472 4.552

ð554Þ½�2�25� 0.90 0.020 0.018 0.864 1.505 29.85

ð113Þ½3�10� 0.48 0.082 0.040 0.419 1.462 15.99

Overall sheet – 0.017 – 0.111 1.826 3.50

Fig. 10 Angular dependence of the normalized CSC shear stress in

the plane rotated by the angle w = 35� about TD (broken line).

The solid line shows the initial shear stress angular dependence in the

sheet plane

Fig. 11 Angular dependence of the monoclinic effect measured by

|Ds(h)|, where h is the angle between the shear direction of the CSC

test and the rolling direction (solid line). The equivalent monoclinic

effect |Ds0(h)| in the plane rotated by an angle w = 35� about TD is

shown by the broken line

Fig. 12 Angular dependence of the strain rate ratio R(h), where h is

the angle between the tensile and rolling directions (solid line).

The broken line shows the new strain rate ratio obtained from the

‘‘best’’ orthotropic estimation of the sheet behaviour
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1. The departure of the sheet from orthotropy, although

quite low, is significant. It can be quantitatively

estimated by a scalar parameter kMpm

0 k.
2. The ‘‘purely monoclinic’’ component of anisotropy has

no effect on any mechanical test in which stresses are

exerted within the sheet plane. In particular, the strain

rate ratio R(h) is insensitive to non-orthotropic effects.

3. A combined shear-compression (CSC) test was pro-

posed to bring into evidence such non-orthotropic

effects.

4. Since departure from orthotropy is limited, it was

suggested that the mechanical behaviour of such sheet

can be considered to a first estimation as orthotropic.

The ‘‘best’’ choice of the orthotropy axes can then be

derived by minimization of kMpmk.
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Appendix 1

The CMTP method

The mechanical behaviour of the texture components can

be associated with a quadratic yield criterion [27, 29]:

f rij

� �
¼ r : M : r ¼ Mijklrijrkl; ð1:1Þ

with

M½ � ¼ A U½ � þ 1� Að Þ V½ �; ð1:2Þ

where M, U and V are three-dimensional fourth rank

tensors defined in the axes of each ideal component. U is

the unit tensor defined in the orthotropy reference frame by

Uijkl ¼ 1=2ð Þ dikdjl þ dildjk

� �
. When A = 1, [M] = [U]

(isotropic case).

The tensor V is defined in the h100i axes of each texture

component: Vijkl = 1 if i = j = k = l and Vijkl = 0

otherwise. The transformation matrix q from the crystal

(C) to the specimen (S) reference frame can be written in

the form:

q½ � ¼
q11 q12 q13

q21 q22 q23

q31 q32 q33

2

4

3

5 ¼
u1 u2 u3

v1 v2 v3

w1 w2 w3

2

4

3

5

¼

uffiffiffiffi
p1
p vffiffiffiffi

p1
p wffiffiffiffi

p1
p

kw�lvffiffiffiffiffiffiffi
p1p2
p lu�hwffiffiffiffiffiffiffi

p1p2
p hv�kuffiffiffiffiffiffiffi

p1p2
p

hffiffiffiffi
p2
p kffiffiffiffi

p2
p lffiffiffiffi

p2
p

2

64

3

75; ð1:3Þ

with p1 = u2 ? v2 ? w2 and p2 = h2 ? k2 ? l2.

The rule of tensor transformations takes the simple form

½Vi�S ¼ Vmnrs ¼
X3

t¼1

qmtqntqrtqst

¼ qm1qn1qr1qs1 þ qm2qn2qr2qs2 þ qm3qn3qr3qs3

ð1:4aÞ

or

Vi
� �

S

¼

V1111 V1122 V1133

ffiffiffi
2
p

V1112

ffiffiffi
2
p

V1113

ffiffiffi
2
p

V1123

V1122 V2222 V2233

ffiffiffi
2
p

V2212

ffiffiffi
2
p

V2213

ffiffiffi
2
p

V2223

V1133 V2233 V3333

ffiffiffi
2
p

V3312

ffiffiffi
2
p

V3313

ffiffiffi
2
p

V3323ffiffiffi
2
p

V1112

ffiffiffi
2
p

V2212

ffiffiffi
2
p

V3312 2V1212 2V1213 2V1223ffiffiffi
2
p

V1113

ffiffiffi
2
p

V2213

ffiffiffi
2
p

V3313 2V1213 2V1313 2V1323ffiffiffi
2
p

V1123

ffiffiffi
2
p

V2223

ffiffiffi
2
p

V3323 2V1223 2V1323 2V2323

2

666666664

3

777777775

:

ð1:4bÞ

The prismatic monoclinic tensor of the symmetrized

texture components of the rolled sheet is given as

follows:

½Vi�S

¼

V1111 V1122 V1133 0
ffiffiffi
2
p

V1113 0

V1122 V2222 V2233 0
ffiffiffi
2
p

V2213 0

V1133 V2233 V3333 0
ffiffiffi
2
p

V3313 0

0 0 0 2V1212 0 2V1223ffiffiffi
2
p

V1113

ffiffiffi
2
p

V2213

ffiffiffi
2
p

V3313 0 2V1313 0

0 0 0 2V1223 0 2V2323

2

666666664

3

777777775

:

ð1:4cÞ

Using the homogeneous function when several texture

components are present and taking the average for several

common orientations of volume fractions fi then gives:

½V� ¼
XN

i¼1

fi½Vi� and f0 ¼ 1�
XN

i¼1

fi; ð1:5Þ

where f0 is the volume fraction of the random part of the

texture.

In the same way, for the symmetric tensor of the plas-

ticity criterion M½ � ¼
PN

i¼0 fi Mi½ �, this under the assump-

tions of uniform stress can be written:

½M� ¼
XN

i¼0

fi½Mi� ði ¼ 0; 1. . .;NÞ ð1:6Þ

½M� ¼ f0½M0� þ f1½M1� þ f2½M2� þ � � � þ fN ½MN � ð1:7Þ

½M� ¼ f0½U� þ A½U�ðf1 þ f2 þ � � � þ fNÞ þ ð1� AÞðf1½V1�
þ f2½V2� þ � � � þ fN ½VN �Þ ð1:8Þ
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with

f0 þ f1 þ f2 þ � � � þ fN ¼ 1 and ½V� ¼
XN

i¼1

fi½Vi�:

Thus,

½M� ¼ f0½U� þ A½U�ð1� f0Þ þ ð1� AÞ½V�: ð1:8aÞ

Equation 1.8a, leads to the monoclinic prismatic yield

function as it follows:

2r2
0 ¼ rT ½M�r:

Or

2�r2
0 ¼

r11

r22

r33ffiffiffi
2
p

r23ffiffiffi
2
p

r13ffiffiffi
2
p

r12

2

666666664

3

777777775

T

M1111 M1122 M1133 0 M1113 0

M1122 M2222 M2233 0 M2213 0

M1133 M2233 M3333 0 M3313 0

0 0 0 M2323 0 M2312

M1113 M2213 M3313 0 M1313 0

0 0 0 M1223 0 M2323

2

666666664

3

777777775

r11

r22

r33ffiffiffi
2
p

r23ffiffiffi
2
p

r13ffiffiffi
2
p

r12

2

666666664

3

777777775

:

ð1:9Þ

Using the following properties:

2r11r22 ¼ r2
33 � r2

11 � r2
22

2r11r33 ¼ r2
22 � r2

33 � r2
11

2r22r33 ¼ r2
11 � r2

22 � r2
33

The expansion of Eq. 1.9 gives:

2�r2
0 ¼ Ar2

11 þ Br2
22 þ Cr2

33 þ 2M1212r
2
12 þ 2M1313r

2
13

þ 2M2323r
2
23 þ 8M1223r12r23 þ 4r13ðM1113r11

þM2213r22 þM3313r33Þ
ð1:10Þ

where

A ¼ M1111 �M1122 �M1133 þM2233 ð1:10aÞ
B ¼ M2222 �M1122 þM1133 �M2233 ð1:10bÞ
C ¼ M3333 þM1122 �M1133 �M2233 ð1:10cÞ

By analogy with the Hill prismatic monoclinic criterion,

the above equation can finally be written:

2�r2
0 ¼ ð2H þ 2G� FÞr2

11 þ ð2F þ 2H � GÞr2
22 þ ð2F

þ 2G� HÞr2
33 þ 2Lr2

12 þ 2Mr2
13 þ 2Nr2

23

þ 4pr12r23 þ 4r13ðqr11 þ rr22 þ tr33Þ
ð1:11Þ

Appendix 2

The combined shear-compression (CSC) test

The stress tensor can be written in the specimen (S) axes in

the form:

rS ¼
0 0 s
0 0 0

s 0 r

2

4

3

5; ð2:1Þ

where s = rxz the shear is stress and r is the compression

stress.

Using the rotation of the matrix P about (ND//Z), from

the specimen (S) to the sheet axes (R) and the transposed

matrix PT (Fig. 6):

P ¼
cos h � sin h 0

sin h cos h 0

0 0 1

2

4

3

5 PT ¼
cos h sin h 0

� sin h cos h 0

0 0 1

2

4

3

5

ð2:2Þ

The stress tensor in the new reference axes (R) can be

written:

rR ¼ P rS PT

¼
cos h � sin h 0

sin r cos h 0

0 0 1

2

64

3

75

0 0 s

0 0 0

s 0 r

2

64

3

75

cos h sin h 0

� sin h cos h 0

0 0 1

2

64

3

75

rS ¼
0 0 s cos h
0 0 s sin h

s cos h s sin h r

2

4

3

5 ð2:3Þ

Afterwards, the monoclinic criterion gives:

ð2L sin2 hþ 2M cos2 hÞs2 þ 4t cos hrsþ ðF þ GÞr2

¼ 2r2
0: ð2:4Þ

The positive root of this second degree polynomial

equation is

s ¼
�2tr cos hþ 4t2r2 cos2 h� ½2L sin2 hþ 2M cos2 h�½ðF þ GÞr2 � 2r2

0�
� �1=2

2L sin2 hþ 2M cos2 h
ð2:5Þ
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For h ¼ 0; s1¼
�2trþ 4t2r2�2M½ðFþGÞr2�2r2

0�
� �1=2

2M
;

For h ¼ p; s1¼
2trþ 4t2r2�2M½ðFþGÞr2�2r2

0�
� �1=2

2M
:

ð2:6Þ

The monoclinic effect is the difference between the

positive and negative shear directions in the sheet plane:

Ds ¼ s2 � s1 ¼
2tr
M
: ð2:7Þ

More generally,

sðhþ pÞ � sðhÞ ¼ 2tr cos h

L sin2 hþM cos2 h
: ð2:8Þ

Application of the normality rule to the monoclinic

prismatic yield equation then gives the strain rate tensor:

_eij ¼ _k
of ðrijÞ
orij

_k� 0 ð2:9Þ

wherefrom:

_exx ¼ 2 _k
	
� F sin2 hþ G cos2 h
� �

r

þ pþ rð Þ sin 2h sin hþ 2q cos3 h
� �

s



_eyy ¼ 2 _k
	
� F cos2 hþ G sin2 h
� �

r

þ q� pð Þ sin 2h sin hþ 2r cos3 h
� �

s



_exy ¼ 2 _k
	

G� Fð Þr sin 2h

þ 2r � 2qð Þ sin 2h cos hþ 2p cos 2h sin h½ �sg

_exz ¼ 2 _k 2t cos hrþ 2 M cos2 #þ L sin2 h
� �

s
� �

_eyz ¼ 2 _k �2t sin hrþ L�M½ � sin 2hs½ �

_ezz ¼ � _exx þ _eyy

� �

Appendix 3

Apparently monoclinic behaviour

The apparently monoclinic material is in fact orthotropy if

and only if the following three equations are simulta-

neously fulfilled:

p0 ¼ 1

2
L� Nð Þ sin 2wþ p cos 2w ¼ 0

q0 ¼ � 1

8
4Gþ F þ H � 2Mð Þ sin 4w

þ 1

4
F � Hð Þ sin 2wþ 1

2
q� tð Þ cos 4w

þ 1

2
qþ tð Þ cos 2w ¼ 0

r0 ¼ 1

2
H � Fð Þ sin 2wþ r cos 2w ¼ 0

ð3:1Þ

Combination of the first and third equations gives

immediately

tan 2w ¼ 2p

N � L
ð3:2Þ

and

p

N � L
¼ r

F � H
: ð3:3Þ

Substitution of Eq. 3.3 into the second equation of Eq. 3.1

then leads to:

q� t

F þ 4Gþ H � 2M
¼ p N � Lð Þ

N � Lð Þ2�4p2
ð3:4Þ

It can therefore be concluded that the sheet is orthotropic if

both Eqs. 3.3 and 3.4 are fulfilled while the angle w
defining the orthotropic axes is then given by Eq. 3.2.
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